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PMM tests1. Introduction
The growing interests in oil and gas exploration in Arctic and sub-
Arctic regions and in the transportation through the Northern Sea
Route have led to extensive research on better understanding of ship–
ice interaction and vessels' maneuvering performance in ice covered
water. For a ship advancing and turning in level ice, the assessment of
ship maneuvering performance needs to be addressed. For a ship
advancing in ice, the primary interest is on the prediction of the ice
resistance. For maneuvering studies, the transverse force and turning
moment are as important as the resistance when the ship is in turning.
It is challenging to predict the resistance that a ship is encountered
in the intact ice ﬁeld. One of the common assumptions, the principle
of superposition to the total resistance is widely accepted by many
researchers when the global ice load models were developed (for
example, Enkvist, 1972; Kashteljan et al., 1969; Keinonen, 1996; Lewis
and Edwards, 1970; Lindqvist, 1989; Milano, 1972; Riska et al., 1997;
Spencer, 1992). In the past decades, efforts have been made to improve
these models and implement them in numerical methods. For instance,
Wang (2001) adopted the conceptual framework of the nested
hierarchy of discrete events, proposed by Daley (1991, 1992) and
Daley et al. (1998), and simpliﬁed the method by considering three
continuumprocesses of crushing, bending, and rubble formation. A geo-
metric grid method, which requires the discretization of the entire. This is an open access article undercomputational domain, was proposed to simulate continuous contacts
between the structure and the level ice. The mechanics of ice
crushing-bending failure was applied and the ice loadswere numerical-
ly computed. This approach has been adopted and modiﬁed by many
other researchers, such as Nguyen et al. (2009), Sawamura et al.
(2009), Su et al. (2010) and Zhou and Peng (2014). Tan et al. (2013)
proposed a 6 degree-of-freedom (DOF) ship–ice interaction model by
discretizing a belt area around the ship waterline. Their work provided
a possibility to include ship heave, roll and pitch motions during the
icebreaking process. A further study on the effect of dynamic bending
of level ice during ship–ice interaction was carried out with this 6 DOF
model by Tan et al. (2014).
Although the fundamentalmechanism of icebreaking is not fully un-
derstood, many semi-empirical methodswere proposed to estimate the
resistance of a vessel in ice. However, limited effort has been made on
the estimation of the yaw moment for a ship maneuvering in level ice.
Lau et al. (2004) proposed a method to estimate the total yawmoment
that is analogous to that of ice resistance in thework of Spencer (1992).
The total yaw moment was divided into hydrodynamic, breaking, sub-
mergence, and ice clearing components. The formulas for the terms as-
sociatedwith breaking and submergencewere presented. In their work,
the ice-induced forces were considered as three concentrated loads
among which two were acting at the bow and the other was on the
midship section. The yaw moment was obtained by multiplying those
forces and the corresponding lever arm lengths. Martio (2007)
developed a numerical program to simulate the vessel's maneuvering
performance in uniform level ice based on Lindqvist's ice resistance
model (Lindqvist, 1989). The major contribution was to extend thethe CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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forces on sway and yawmotionswere taken into account. A relationship
between the resistance and the yaw moment, as well as the transverse
force, was developed. Only crushing was calculated numerically,
and the other two terms were obtained by using analytical
formulas. Nguyen et al. (2009) and Su et al. (2010) developed 3DOF
ship–ice interaction models. In their work, it was assumed that only
the term associatedwith breaking had effect on sway and yawmotions.
The remaining components of ice loads were considered as resistance
that only affected the surge motion.
When a ship is maneuvred in level ice, the ship–ice interaction can
be described as a continuous process. As the ship moves into the ice
sheet, local shear fracture, crushing failure, and vertical deﬂection
occur at the edge. These ice failure modes manifest themselves as a
breaking force on the hull. When the stress somewhere inside the ice
sheet exceeds its limit, a bending failure will occur which leads to the
breaking of ice ﬂoes. The broken ice pieces are further accelerated and
rotated by the ship until they are parallel to the hull. Subsequently,
the broken pieces slide along the hull until they lose the contact with
the ship. During this process, two force components are assumed: the
buoyancy caused by the density difference between the ice and the
water, and the clearing force that is attributed to the accelerating and
rotating ice ﬂoes as well as the frictional force during ice sliding. The
total ice resistance therefore consists of these three components
discussed above. In this paper, the breaking process was simulated by
a 2D numerical method involving the discretization of ice edges and
ship's waterline. The contact loads were calculated, compared with
the bending capacity of the ice sheet, and were used to determine the
possibility of ice breaking. Equations of ship motions were then solved,
and the ice edges were updated. The clearing and buoyancy forces were
calculated using published empirical formulas. The effects on sway and
yaw motions were taken into account in this paper. A ﬂexural ice plate
model was also developed to modify ice loads. Experimental results of
the PMM tests of an 1:20 scale R-Class icebreaker ship model were
used to validate the numerical method.2. Modeling of ship–ice interaction
2.1. Coordinate systems and mathematical formulations
As shown in Fig. 1, three coordinate systems are employed in
the computations. The earth-ﬁxed coordinate system is denoted as
Oe–XeYeZe. The position and heading of a ship is described in this coordi-
nate system. The ship-ﬁxed coordinate system, o–xyz, is with ox-axis
pointing to the bow, oy-axis pointing starboard and oz-axis positive
downward. The origin, o, is located at the interaction point of the longi-
tudinal central plane, the waterplane and the midship section. Equa-
tions of ship motions are solved in the ship-ﬁxed coordinate system;
The ice-ﬁxed coordinate system, oi–xiyizi, is on the ice plate and parallel
to Oe–XeYeZe. The coordinates of the discretized points on ice edges are
deﬁned in oi–xiyizi.Fig. 1. Three coordThe equations ofmotion formaneuvering, including surge, sway and
yaw, are given below:
x
 ¼ cos ψð Þu− sin ψð Þv
y
 ¼ sin ψð Þuþ cos ψð Þv
ψ
 ¼ r
8<
: ð1Þ
mu

−mvr−mxGr2 ¼ XH þ XP þ XR þ Xice
mv
 þmxGr þmur ¼ YH þ YR þ Yice
Iz r
 þmxGv þmxGur ¼ NH þ NR þ Nice
8<
: ð2Þ
wherem and Iz are themass of the ship and themassmoment of inertia,
respectively; xG is the center of gravity deﬁned in the ship-ﬁxed coordi-
nate system; X, Y and N denote the forces and moment with respect to
ox, oy and oz-axis, respectively; x and y are the coordinates; ψ is the ori-
entation; u, v and r denote the corresponding velocities in the ship-ﬁxed
coordinate system; the overhead dot represents the time derivative;
variables with the subscripts, H, P, R and ice, represent forces and mo-
ment due to hydrodynamic force, propeller force, rudder force and ice
load, respectively.
2.2. Ice-induced forces
The following assumptions were made in order to simplify the hull–
ice interaction problem:
• The intact ice sheet is semi-inﬁnite with uniform thickness. It is
stationary with respect to Oe–XeYeZe;
• The hull–ice interaction is a continuous process which involves
repeating cycles of contacting, crushing and bending and breaking;
• Superposition principle is applied to the total ice induced resistance;
• Vertical displacement of the ship is neglected;
• Contacting surfaces remain ﬂat during crushing;
• The shape of the broken ice ﬂoe is considered circular for computing
in the bending failure.
The total resistance due to ice can be written as:
Xice ¼ Xbr þ Xcl þ Xbuoy
Yice ¼ Ybr þ Ycl þ Ybuoy
Nice ¼ Nbr þ Ncl þ Nbuoy
8<
: ð3Þ
The breaking force, denoted as Fbr= [Xbr, Ybr, Nbr]T, exists when the
ice plate is crushed and bent downward until the breaking occurs. The
dynamic clearing force, Fcl, acts on the hull as the broken ice ﬂoes ro-
tates, accelerates, submerges and slides along the ship. The static force
due to the buoyancy of ice is denoted as Fbuoy. The open-water resis-
tance is considered as hydrodynamic force and is not part of ice loads.
Each term in the equation above has effect on surge, sway and yawmo-
tions. The breaking term is calculated numerically based on the detected
contacts at each time step. The resistances due to clearing and buoyancy
(Xcl and Xbuoy) are calculated using published empirical formulas. Theinate systems.
Fig. 2. Discretization of ship waterline and ice edges.
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rived in the following sections.
2.2.1. Ice breaking force
In the work of Zhou and Peng (2014), a numerical method was pro-
posed to study shipmaneuvering problems in level ice. A 2D interaction
detection technique was introduced, and the calculation of ice breaking
force was provided with details. This study is a continuation of the pre-
vious work and the same detection technique was applied. A brief sum-
mary of the method and its numerical implementation are presented
below.
The waterline of the ship is discretized as a closed polygon while an
ice edge is discretized as broken lines (Fig. 2). Note that this method is
different from those proposed by Nguyen et al. (2009), Sawamura
et al. (2009) and Wang (2001). Instead of discretizing the entire ice
sheet, the present method only focuses on the ice edge where the
ship–ice interactionmay occur, which leads to improved computational
efﬁciency.
Four contact detection scenarios as shown in Fig. 3 were consid-
ered, including (1) no ice node is inside the ship and no ship node
is inside the ice, (2) ice nodes are inside the ship and ship nodes
are inside the ice, (3) ice nodes are inside the ship but no ship node
is inside the ice, (4) no ice node is inside the ship but ship nodes
are inside the ice. They were distinguished by the Point-in-Polygon
method which determines the relationship between a point and a
closed polygon. For example, if an arbitrary ice node is inside theFig. 3. Contact detecpolygon of the ship waterline, Scenario 2 or 3 will occur. Then all
the nodes on the ship waterline need to be checked. If all ship
nodes are inside the ice sheet, Scenario 2 needs to be considered;
otherwise, Scenario 3 occurs. Scenario 4 could be identiﬁed similarly
if no ice node is inside the ship waterline and the ship nodes are in-
side the ice sheet. As the high ﬁdelity and the computational efﬁcien-
cy need to be satisﬁed, it is crucial to maintain the accuracy for
Scenario 4 while using relatively coarse mesh to discretize the ice
edge. Once a contact scenario was found, interpolations were applied
to identify the intersections and apexes of the ideal ice wedge, which
is illustrated by the blue dash lines in Fig. 3. The open angle of the ice
wedge is denoted as θ. The breaking force was calculated based on
the interaction area and the ideal ice wedge. If the force exceeds
the bending limit of the ice sheet, a circumferential crack will occur
and a ﬂoe will be broken off the ice sheet. The newly formed ice
edge will be discretized into nodes and used to replace the nodes
that are enclosed by the arc. This process is known as the ice edge up-
date. The ﬂow chart for the numerical implementation of the algo-
rithm is given in Fig. 4.
As the hull contacts with ice edge, ice crushing starts at the contact
point. It continues until the ice plate is broken by bending moment.
More than one contact zone could exist at the same time. In each contact
zone there will be a crushing force acting on the hull. To determine the
magnitude of the crushing force in each contact zone, the following
equation is adopted:
Fcr ¼ paveAcr ð4Þ
where Fcr is the crushing force, which is normal to the contact surface
and pointing inward to the ship; pave is the average pressure on the con-
tact surface; Acr is the area of the contact surface that is obtained numer-
ically at each time step, which is calculated by
Acr ¼
1
2
Lh
Lc
sin β0
  if Lc ≤ hi  tan β0 
1
2
Lh þ Lh
Lc−hi= tan β
0 
Lc
 
hi
cos β0
  if Lc ≥ hi  tan β0 
8>><
>>:
ð5Þ
where Lh is the characteristic width of the overlap area; Lc is the inden-
tation; hi is the ice thickness; Lh and Lc are numerically determined attion scenarios.
Fig. 4. Flow chart.
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the normal frame angle of the ship hull that is determined by
tan β0
  ¼ tan βð Þ  cos αð Þ
tan βð Þ ¼ tan αð Þ= tan γð Þ

ð6Þ
where α and γ are the waterline angle and the buttock angle, respec-
tively, as shown in Fig. 1; and β′ is the normal section angle.
In the previous work, for example, Lau et al. (2004), Martio (2007),
Nguyen et al. (2009), Sawamura et al. (2009), Su et al. (2010) and
Zhou and Peng (2014), a constant contact pressure (crushing strength,
σcr) was used when calculating the crushing force. However, the analy-
sis of full-scale data shows that the contact pressure varies as the nom-
inal contact area changes. This phenomenon can be expressed by the
pressure-area relationship (also known as the P-A curve) and a form
of power relation as below is widely accepted:
pave ¼ p0Aexcr ð7Þwhere p0 is assumed equal to the crushing strength and here ex is cho-
sen as−0.5.
Based on the work of Zhou and Peng (2014), the three components
of ice breaking force are calculated by:
Xbr ¼ sin β0
 
tan αð Þ þ μ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ tan2 αð Þ cos2 β0 q 	  Fcr ð8Þ
Ybr ¼ sin β0
 
−μ tan αð Þ cos αð Þ− cos
2 β0
 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos2 αð Þ þ sin2 αð Þ cos2 β0 q
0
B@
1
CA  Fcr ð9Þ
Zbr ¼ cos β0
 
−μ
sin αð Þ sin β0  cos β0 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos2 αð Þ þ sin2 αð Þ cos2 β0 q
0
B@
1
CA  Fcr ð10Þ
Fig. 6. Flexural deﬂection of ice plate.
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spectively; Zbr is the vertical component that is further compared to the
bearing capacity of the ice plate to determine if the breaking process
would occur.
The yaw moment is obtained from:
Nbr ¼ −Xbr  yþ Ybr  x ð11Þ
where x and y are the coordinates of the contact locationwith respect to
o-xyz.
It should be pointed out that Eqs. (8) to (11) give the breaking force
at one contact location. The global breaking force can be calculated by
summing the forces in different locations.
2.2.2. Crushing force adjustment
Valanto (1989) reported that a rapid ﬂexural failurewas observed in
the experiment when the ﬂexural strength ratio was large (E/σf =
6400), while considerably more time was required for ﬂexural failure
in the low ratio case (E/σf =1400). It was also pointed out that the dif-
ference in two cases was important since it would signiﬁcantly affect
the average ice resistance. In the work of Nguyen et al. (2009), Su
et al. (2010) and Wang (2001), rigid ice plate models were assumed
and the vertical deﬂection by bendingwas not considered. Theirmodels
were thus unable to simulate what was observed in the experiment by
Valanto (1989). In this study, the ice plate ﬂexural deﬂection was taken
into consideration, and an adjustment factor of contact surface was
derived.
The actual ship–ice interaction is a dynamic process as both the ship
and the ice plate have vertical motions. However, the process was sim-
pliﬁed in this work by assuming that the ship does not move vertically.
As the shipmoves forward, the elastic ice platewill be bent. Since the ice
deﬂection is small compared to the characteristic lengthof the ice, a par-
allel downward movement of the ice plate was further assumed and
there is no bending involved (see Fig. 6). The contact force, Fcr, will
lead to ice crushing and bending simultaneously. The water support
was considered as an elastic foundation.
As shown in Fig. 6, from the initial contact to the present time step,
the ship penetrated into ice by δs, which was determined numerically,
causing a vertical elastic deﬂection, δe, and a vertical crushing height
δc, which satisfy the following relationship:
δe þ δc ¼ δs= tan β0
  ð12Þ
Both δe and δc are unknown. Both are induced by the same force, the
vertical component of the contact force, Fcr.
The relation between δe and Fcr is derived by considering the
response of a homogeneous and isotropic elastic ice plate with an
open angle of θ, which rests on a liquid and is subjected to a static
vertical concentrated load P on the apex. Kerr (1976) proposed theFig. 5. Ideal ice wedge afollowing formula to calculate the deﬂection at the apex of a semi-
inﬁnite plate with an arbitrary open angle:
w0 ¼ 12
π
θ

 2 Pﬃﬃﬃﬃﬃﬃﬃ
γD
p ð13Þ
where P is the concentrated load; γ= ρwg is theweight per unit volume
of the liquid; D= Ehi3/(12(1− ν2)) is the ﬂexural rigidity of ice plate; E
is the ice Young'smodulus; v is Poisson's ratio. Substituting P= Fcr,v and
w0 = δe into Eq. (13), the following relationship can be achieved
Fcr;v ¼ 2θ
2
π2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ρwgD
p
 δe ð14Þ
The relationship between Fcr,v and δc is implicitly expressed by
Eqs. (4), (5), and (10).
The binary search method was applied to obtain δc. Once it is
obtained, the contact area Acr in Eq. (4) can be modiﬁed by multiplying
(δc/δv)2, because the ﬂexural deﬂection of ice plate will reduce the con-
tact area. Therefore, the adjusted crushing force is:
Fcr ¼ pave  Acr 
δc
δv
 	2
ð15Þ
The effect of theﬂexural deﬂection of the ice sheet can be considered
by replacing Fcr with Fcr⁎ in Eqs. (8) to (10).
2.2.3. Bending failure criterion
The vertical force component increases as the ship penetrates into
the ice plate. When it exceeds the bearing capacity of the ice sheet,
the bending failure would occur and a circular ice ﬂoe would be brokennd contact surface.
Fig. 7. Arms of rotation.
41Q. Zhou et al. / Cold Regions Science and Technology 122 (2016) 36–49off the plate. The bearing capacity is calculated by Kashtelyan's method
(Kerr, 1976).
Pflex ¼ C f
θ
π
 	2
σ f h
2
i ð16Þ
where θ is the open angle of the ideal wedge; σf is the ﬂexural strength
of ice plate; hi is the ice thickness; and Cf is an empirical coefﬁcient. It
should be noted that Eq. (16) is derived from a quasi-static condition.
It does not consider the dynamic effect due to varying ship velocities.
Kashtelyan suggested a small value (around 1.0) for Cf, while
Nguyen et al. (2009) used a value of 4.5 with no explanation. In the
work of Su et al. (2010), a study of Cf was carried out and a value of
3.1 was ﬁnally adopted. The value of Cf is adopted as 2.2 in this work
and detailed discussions can be found in Section 3.2.
After the vertical force, Zbr, and the bearing capacity of ice, Pﬂex, are
determined, the next step is to investigate whether the ice wedge will
be broken from the ice sheet. If the vertical force exceeds the capacity,
i.e., Zbr ≥ Pﬂex, the bending failure will occur and a circular ice ﬂoe will
be broken off the ice plate; otherwise the ice edge will only be crushed.
The radius of the broken ice ﬂoe is determined by using the formula in
the work of Wang (2001):
R ¼ Cl  l  1þ Cvvn;2
  ð17Þ
where R is the radius of circumferential crack; vn,2 is the velocity compo-
nent normal to the contact surface; Cl is the parameter that deﬁnes the
broken ice size to its characteristic length; Cv is a tunable coefﬁcients,
and both are discussed in Section 3.2; and l is the characteristic length
of ice plate given by:
l ¼ Eh
3
i
12 1−ν2
 
ρwg
 !1=4
ð18Þ
where E is Young'smodulus of ice; v is Poisson's ratio; and ρw is the den-
sity of sea water.
2.2.4. Buoyancy and clearing forces
The ice resistances due to buoyancy and ice clearing which includes
ice rotating and sliding are obtained using the regression model pro-
posed by Spencer and Jones (2001):
Xcl ¼ 2:03F−0:971h ρiBhiu2 ð19Þ
Xb ¼ 2:67ΔρghiBT ð20Þ
where Fh ¼ u=
ﬃﬃﬃﬃﬃﬃﬃ
ghi
p
is the Froude number of the ice; u is the advancing
speed; B and T are the ship breadth and draft, respectively; ρi is the den-
sity of ice; Δρ is the density difference between ice and sea water.
To calculate the y-component of buoyancy and clearing forces, it is
assumed that the ice forces are acting on the bow part of the ship and
themidship part. It is also assumed the ship is symmetric about the lon-
gitudinal centreplane and the ice force acts on the ship symmetrically
when the ship moves straight. It is further considered that the bow is
formed of two ﬂat planes. Therefore, the directions of buoyancy and
clearing forces should be the same as that of the breaking force, i.e.:
Yi;bow ¼
Xi
2
 Ybr
Xbr
¼
sin β0
 
−μ tan αð Þ cos αð Þ− cos
2 β0
 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos2 αð Þ þ sin2 αð Þ cos2 β0 q
sin β0
 
tan αð Þ þ μ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ tan2 αð Þ cos2 β0 q 
Xi
2
ð21Þ
where the subscript i is either “cl” or “b”, representing the clearing or
buoyancy force, respectively. Note that the force is divided by 2 as the
force is assumed to act on either side of the bow.When a vessel starts turning, the forces on the port and starboard
sides are not symmetrical anymore. A net transverse bow force exists.
The net force results from the yaw rate of the vessel, i.e., the vessel
will encounter larger transverse force if it turns rapidly.
ΔYi;bow ¼
u sin θ1ð Þ
tan αð Þ Yi;bow ð22Þ
where
θ1 ¼ atan2 r LW L−Lbowð Þ2 ;u
 	
ð23Þ
where LWL is the ship length at the design waterline, and Lbow is the
length of the bow as shown in Fig. 7.
The force acting on the parallel midship section is determined by as-
suming the load is in the opposite direction of the velocity:
Yi;mid ¼ Cmid  Xi 
v
u
ð24Þ
where u and v are surge and sway velocities, respectively; and Cmid is
equal to 2.0.
After the transverse components of buoyancy and clearing forces,
ΔYi,bow and Yi,mid, are obtained, the yaw moment can be obtained by
multiplying the transverse force by the corresponding lever arm:
Ni ¼ ΔYi;bow  xb þ Yi;mid  xm ð25Þ
where xm is calculated by
xm ¼
1
3
L21 L1r þ vð Þ−
1
3
L22 L2r þ vð Þ
1
2
L1 L1r þ vð Þ þ 12 L2 L2r þ vð Þ
ð26Þ
where
L1 ¼ 12 LW L−Lstern þ x0
L2 ¼ 12 LW L−Lbow−x0
and Lstern is the length of the stern and x0 =− v/r.
It is assumed that ΔYi,bow acts on the middle of the bow, i.e.,
xb ¼
1
2
LW L−
1
2
Lbow ð27Þ
At each time step, the contact will be ﬁrst detected by the numerical
method. If a contact is found, the pressure-area relationship will be ap-
plied to determine thepressure. After that, the crushing force is calculat-
ed by Eq. (4). The breaking force can be obtained by using Eqs. (8) to
(11) and furthermodiﬁedby considering the effect ofﬂexural deﬂection
of the ice plate. Finally, the buoyancy and clearing forces are determined
by using Eqs. (19) to (20), (22), (24) and (25).
Fig. 8. R-Class icebreaker ship model (model scale, unit:m).
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The hydrodynamic forces are determined as follows according to the
work of Hirano (1981):
XH ¼ −Xu u
 þX uð Þ þ my þ Xvr
 
vr ð28Þ
YH ¼ −Yv v

−Yr r

−mxur þ YH0 ð29Þ
NH ¼ −Nr r

−Nv v
 þNH0 þ YH0  xG ð30Þ
where
YH0 ¼ Yvvþ Yrr þ Yvjvjvjvj þ Yrjrjrjrj þ Yvrvr ð31Þ
NH0 ¼ Nvvþ Nrr þ Nvvrv2r þ Nvrrvr2 þ Nrjrjrjrj ð32Þ
the constant coefﬁcients, referred to hydrodynamic derivatives, are
Xu ¼
∂X
∂ u
 ; Yv ¼ ∂Y∂v ; Nvvr ¼
∂N
∂v2∂r
; ⋯
X(u) represents the resistance due to water and is calculated by using
the prediction method proposed by Holtrop and Mennen (1982). In
this paper, the hydrodynamic derivatives were obtained from the
PMM tests with a 1:20 scale ship model.
2.4. Operational forces
The operational forces consist of two parts: the thrust from themain
propeller and the lift and drag forces due to the rudder deﬂection. The
model used by Gong (1993) was adopted in this work.
XP ¼ 1−tPð Þρwn2D2PKT JPð Þ ð33Þ
XR ¼ − 1−tRð ÞFN sin δð Þ ð34Þ
YR ¼ − 1þ αHð ÞFN cos δð Þ ð35Þ
NR ¼ − 1þ αHð ÞxR FN cos δð Þ ð36Þ
where tP and tR are the wake fractions due to propeller and rudder,
respectively; n is the propeller revolution per second, (rps); DP is
the propeller diameter; KT is the thrust coefﬁcient; JP = u/(nDP) is
the propeller advance ratio; αH is the coefﬁcient of hydrodynamic
force on ship hull induced by the rudder action that can be estimated
from model test results; xR is the longitudinal location of the rudder;
δ is the rudder deﬂection angle; and FN is the rudder normal force
determined by:
FN ¼ 12ρw
6:13Λ
Λþ 2:25ARU
2
R sin αRð Þ ð37Þ
where Λ is the aspect ratio of the rudder; AR is the projected rudder
area; UR is the effective rudder inﬂow velocity; αR is the effective
rudder inﬂow angle. Different models are available for the calcula-
tion of the effective rudder inﬂow velocity and angle (Gong, 1993;
Hirano, 1981; Kobayashi et al., 2003). The one proposed by Hirano
(1981) was employed in this paper.
2.5. Numerical implementation
At each time step, the external forces on the right hand side of
Eq. (2) are obtained by the numerical methods described above.
Eq. (2) is then solved to obtain the acceleration in the o-xyz frame.
The velocity and the position of the ship are integrated by using the4th-order Runge–Kutta method according to the following vector
form rewritten from Eq. (2):
νkþ1 ¼ νk þ 16 k1 þ 2k2 þ 2k3 þ k4ð Þ
k1 ¼ f νk; fkð Þdt
k2 ¼ f νk þ k12 ; fk
 	
dt
k3 ¼ f νk þ k22 ; fk
 	
dt
k4 ¼ f νk þ k3; fkð Þdt
ð38Þ
where
ν k ¼ f νk; fkð Þ
¼ A−1 fk−A−1N νkð Þ
νk ¼ uk; vk; rk½ T
fk ¼
XH þ XP þ XR þ Xice
YH þ YR þ Yice
NH þ NR þ Nice
2
4
3
5
A ¼
m 0 0
0 m mxG
0 mxG Iz
2
4
3
5
N νkð Þ ¼ −mvkrk−mxGr
2
k
mukrk
mxGukrk
2
4
3
5
where the subscript k and k+1 represent the current and the subse-
quent time steps, respectively. The position and the orientation of
the ship are calculated by using Eq. (38) along with Eq. (1). Coordi-
nates of the nodes on the ice edge are then updated based on the
new position and orientation.
3. Simulation results
The R-Class icebreaker, CCGS Sir John Franklin, was used in the pres-
ent studies. It has a relatively simple underwater hull form. The vessel is
one of most referred icebreaking hull forms in the literature since it was
built in 1979. Both full-scale sea trials and ship model tests at various
scales of the ship have been carried out for this icebreaker (Liu, 2009).
To validate the proposed method, a series of Planar Motion Mechanism
(PMM) test results were used. The numerical predictions were com-
pared with the results of full-scale sea trials involving straight motion
and turning.
The principal dimensions of the ship and the ice properties at model
scale are listed in Tables 1 and 2, respectively. The waterline proﬁle is
presented in Fig. 8.
3.1. Convergence studies
Prior to simulating the PMM tests, convergence studies were carried
out to investigate the effect of the discrete length (the distance between
two adjacent points) and the time step on the mean ice load. The
Fig. 10. Convergence of ice resistance with respect to the time step.
Table 1
Principal dimensions (model scale).
Parameter Notation Value Unit
Scale λ 20 –
Length LW L 4.65 m
Breadth B 0.96 m
Draft T 0.35 m
Block Coefﬁcient CB 0.611 –
Table 2
Ice mechanical properties (model scale).
Parameter Notation Value Unit
Flexural strength σf 20 kPa
Crushing strength σc 100 kPa
Ice thickness hi 28 mm
Young's modulus E 28,140 kPa
Poisson ratio v 0.33 –
Friction coefﬁcient μ 0.1 –
Ice density ρi 910 kg/m3
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speeds were also studied. The 1:20 scale R-Class icebreaker model and
the full-scale ship were used. In the simulation of the straight tow
tests, the chosen velocities were 0.5 m/s and 0.7 m/s in model scale.
The nondimensional discrete length, l′, and the nondimensional
time step, dt′, were deﬁned as follows:
l0 ¼ l
B
ð39Þ
dt0 ¼ l
u  dt ð40Þ
where l is the discrete length and dt is the time step used in the
simulations.
Fig. 9 presents the mean ice resistances computed with various dis-
crete lengths, and Fig. 10 shows the resistances computed using differ-
ent time steps. Good convergence in model scale is observed. The
corresponding speeds for full scale are 2.236 m/s (4 knots) and
3.13 m/s (6 knots). Since the full-scalemeasurements are not available
at these speeds, the simulated results were compared to the empirical
solution based on the work of Spencer and Jones (2001). The resistance
in full scale was estimated to be 389.6 kN and 442.5 kN, respectively.
Good agreement is also found for full scale cases.Fig. 9. Convergence of ice resistance with respect to the discrete length.From Figs. 9 and 10, it can be seen that the computations are con-
verged in all the cases when the nondimensional discrete length is
smaller than 0.01 and the nondimensional time step is greater than 5.
This indicates that the scale and the ship speed will not affect the accu-
racy of simulation if proper values of nondimensional length and time
step are selected, i.e., the proposed numericalmethod is suitable for var-
ious scales and ship speeds. This conclusion needs to be further veriﬁed
by using experimental and/or numerical results in different scales. In
the following simulations, the nondimensional discrete length and
time step were chosen as 0.005 and 5, respectively.
3.2. Study of empirical parameters
The parameters, Cf, Cl and Cv, need to be determined for different
types of ice and vessels. Note that Cf is used to determine the peak
force of a single contact and Cl and Cv are used to determine the size of
a broken ice piece. The parameter, Cl, signiﬁcantly affects the time histo-
ry of ice loads since smaller ice pieces will be broken off if a ship rapidly
collides with the ice sheet.
The ﬁrst step is to select Cl according to physical observations. Wang
(2001) used 0.32 in her study; Lau et al. (2004) used a different model
but the crack to be 0.2 of the characteristic length. According to the ob-
servation from Liu et al. (2008), Cl is selected to be 0.3 in this study. Once
Cl is determined, the values of Cf and Cv are tuned by comparing the av-
erage resistance of simulation results against experimental measure-
ments. Fig. 11 presents the mean resistance against ship velocity with
differentCf values. Good agreement is observed betweenmeasurementsFig. 11. Resistance versus velocity with different Cf.
Fig. 15. Breaking force in a single crushing-breaking event (0.5 m/s).
Fig. 12. Resistance versus Cl with different velocities.
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speed effect on the size of the broken ice ﬂoe.Wang (2001) used−0.14
for Cv in her study; Lau et al. (2004) does not include the velocity effect
when determining the size of the crack cusp. Cv is set as−0.5 in model
scale. It should be pointed out that Cv has unit of s/m, and Froude's law is
applied to get the value for full scale (Cv =−0.11s/m).
As shown in Fig. 11, the change of Cf will affect the relationship be-
tween the speed and the resistance (e.g., larger values of Cf result in a
more steep increase trend of resistance). Once the value is determined,Fig. 13. Ratio of crack radius and ice thickness at varying velocities.
Fig. 14. Resistance versus velocities with different Cv.it can be used for all the simulations. A larger Cf results in a larger peak
value and hence a larger mean resistance.
Note that Cl denotes the proportion of broken ice radius and the
characteristic length as shown in Eq. (17). With a smaller value of Cl,
smaller ice ﬂoe will be generated, which results in more frequent inter-
action between the vessel and the ice. This manifests into a larger mean
ice resistance which is shown in Fig. 12.
Cv illustrates the size of iceﬂoe varies according to normal velocity of
collision. A higher velocity of the vessel results in a higher normal veloc-
ity of collision and hence a smaller ice ﬂoe. Fig. 13 presents the histo-
gram of ratio of crack radius and ice thickness at varying velocities.
The values of radius fall within a limited range. There is no obvious
trend that radius distribution changes according to vessel velocities.
Fig. 14 gives the relationship between mean resistance and velocity
with different Cv values. Linear relationship is observed in all cases,
but the slopes are different. Smaller value of Cv results in larger resis-
tance. However, comparing to Cf and Cl, the effect of Cv on resistance is
limited.
All three parameters will affect the mean resistance. Cf determines
the peak value of the breaking force and directly affects themean resis-
tance; Cl and Cv directly determine the size of ice ﬂoe and have indirect
effects on the resistance. Further studies are recommended for those pa-
rameters if themeasured peak value and iceﬂoe sizes are available from
ﬁeld or model test data.
3.3. Effect of ﬂexural ice plate model
A ﬂexural ice plate model was introduced to solve the ship-level ice
interaction problem. The effect and the signiﬁcance of the model wereTable 3
Parameters for a single crushing-bending-breaking event.
Ice type δv, 10−2m δe/δv Duration, s δe/l Xbr, N
Rigid ice 1.295 0.00% 0.050 0.000 −7.609
High ratio 2.343 44.92% 0.090 0.032 −9.260
Low ratio 3.553 63.67% 0.135 0.069 −9.493
Fig. 16. Broken ice channel in a pure yaw model test (unit: m).
Fig. 17. Time history of surge resistance.
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simulated, which started from the ship stem contacting with a semi-
inﬁnite ice plate until an iceﬂoewas broken off theplate. Three different
ice plates were used: a rigid ice plate, a ﬂexural ice plate with a high
ﬂexural strength ratio (E/σf=6400), and an ice platewith a lowﬂexural
strength ratio (E/σf = 1400). The strength ratios were determined
based on the work of Valanto (1989). Fig. 15 presents the breaking
force versus the simulation time. When the ship contacts with the ice
plate, the breaking force increases from zero to a maximum value
where the breaking failure occurs. After that, the ship loses contact
with ice and the breaking force falls back to zero.
It is clear that the maximum values of breaking forces are
identical (− 20.90N) in the three cases; however, the interaction
durations and the mean forces vary during the interactions. Fig. 15Fig. 18. Time historyindicates that the lower the ﬂexural strength ratio of the ice sheet
is, the longer the duration of interaction will be. Table 3 presents a
comparison between different types of ice sheets. The duration
and the maximum vertical deformation increase greatly, which
indicates bending is an component of this single event. However,
a very small difference was observed in the mean breaking
forces, especially for the ice ﬂoes with different ﬂexural strength
ratios.
The deﬂection ratios in the table represent the ratios between the
ﬂexural deﬂection and the characteristic length of the ice plate. Those
values are smaller than 0.1, which veriﬁes that the assumption of paral-
lel downwardmovement is valid. The assumption that neglects the ship
vertical movement can also be veriﬁed by comparing the maximum
breaking force with the ship displacement.of sway force.
Fig. 19. Time history of yaw moment.
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PMM tests were simulated and compared with model test results to
validate the numerical predictions. In the PMM tests, the amplitude of
the lateral displacement was 2.5 m and the ice loads in surge, sway
and yawweremeasured. Average loads were recorded every 2 seconds.
Each test lasted 50s. In order to compare the simulation results with the
measured data, the identical test setup and data processing technique
were applied in the simulation. A sample of ship model track and the
broken ice channel is shown in Fig. 16.
Figs. 17, 18 and 19 present the time histories of surge resistance,
sway force, and yaw moment, respectively. The red lines represent the
measured data and the blue scattered dots represent the simulation re-
sults. FromFig. 17, it can be observed that themeasured surge resistance
oscillates with a constant period (approximately 25 s) which is half ofFig. 20. Relationship between ythe set value of the test. This is because the sway velocity was not strict-
ly zero in the model tests. The average measured resistance is 73.680 N.
A consistent average resistance (73.677 N) was obtained from the
simulation. However, the explicit periodicity cannot be observed in
the numerical results.
In Figs. 18 and 19, the consistent and explicit oscillatorymotions can
be seen in both the measured and numerical results. It is also clear that
the amplitudes of computed sway force and yaw moment are slightly
smaller than the measured data. This phenomenon is validated by the
regression relationship as shown in Fig. 20. One possible factor that re-
sults in this phenomenon is the non-zero sway velocity. Due to the ex-
istence of sway velocity in the pure yaw test, the mean force acting on
midship may be estimated incorrectly so that the predicted sway force
and yawmoment are smaller thanmeasured values. This should be fur-
ther investigated with more experimental data.aw moment and yaw rate.
Fig. 21. Resistance in open water.
Fig. 22. Thrust in open water.
Fig. 24. Thrust in level ice covered water.
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The full-scale results of free running tests were used to validate the
total resistance and the propulsive performance of the ship. The full-
scale free running tests were simulated in open water and in level ice.Fig. 23. Resistance in level ice covered water.The computed propeller thrust and the total resistance were compared
to the sea trial data from Keinonen (1996) and the analytical solutions
using the formulas from Spencer and Jones (2001). The speed range of
the tests in open water is from 6.34 m/s to 8.35 m/s, and that of the
test in level ice is from 2.3 m/s to 6.3 m/s. The ice thicknesses vary
from0.489m to 0.592m. The simulationswere conducted by restricting
sway and yawmotions of the ship. Comparisons weremade among the
numerical results, empirical solutions and the sea-trial data.
Figs. 21 and 22 present the resistance and the propeller thrust in
openwater. It can be observed that the computed openwater resistance
and the thrust follow the same trend of the sea trial results, but are
slightly smaller.
The total resistance and the thrust in ice are presented in Figs. 23
and 24. The numerical results by the present method are compared
with the sea-trial data and the empirical solutions. The computed resis-
tances are in good agreement with the empirical results, while the pro-
peller thrusts based on numerical simulations and empirical formulas
are not in good agreement. Neither the empirical results of the thrust
nor the predicted thrusts show good agreement with the sea-trial
measurement.
The relatively poor agreement between the numerical prediction
and the measurement is not necessarily a weakness of this model
since the thrust is difﬁcult to measure accurately in the ﬁeld trials. The
ﬂuctuated nature of the predicted ice resistance may be responsible
for the discrepancy between the predicted and empirical thrusts. From
an energy perspective, the computed ice load oscillates with a relatively
small mean value and high peaks. This may result in more energy con-
sumption in order to maintain the speed. Therefore, a larger mean
thrust was obtained from the simulation.
3.6. Full-scale turning test
The turning performance was also investigated and compared with
the results of sea trials in open water and in level ice (Keinonen,
1996). All trials were conductedwith 35∘ starboard rudder. The compar-
ison of the steady speed in turn and the turning diameter between sea
trials and the simulation results is presented in Table 4. The turningTable 4
Full-scale turning performance, LWL = 92.31 m.
Condition Shaft resolution Speed in turn, m/s Turning diameter,
D/LW L
RPM Sea trial Simulation Sea trial Simulation
Open water 120 3.8 3.9 4.21 4.1
Level ice 170 5.3 5.14 13.12 12.80
Fig. 25. Turning track and ice channel.
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timehistories of ship velocity and ice load in surge, sway, and yaw in the
ice ﬁeld are presented in Figs. 26 and 27.
In the simulations, the ship was kept straight for 600 m and then
was turned using a full rudder angle (35∘). The initial speed was
6.17 m/s (12.0knots). The shaft speed was 170 rpm in ice and
120 rpm in water. Good agreement between the sea-trial and simula-
tion results indicates that the numerical method is able to simulate
the turning of the ship. The turning circles are shown in Fig. 25.
Fig. 26 presents the 3DOF ship velocities during the simulation peri-
od (700 sec). Fig. 27 shows the 3DOF ice loads in a time period of 40 s
during turning in the level ice. The ship started turning at 90.48 s and
obtained a stable speed (5.14 m/s) at 200 s. The steady sway speed is
0.58 m/s to the port side and the yaw rate is 0.5 deg/s clockwise. TheFig. 26. Time history of vmean resistance during the steady turning is 0.566 MN. The mean
value of yaw moment is 11.93 MNm. The velocities and the ice
loads in sway and yaw each have non-zero value due to the turning.
They oscillate around the mean value due to the ice breaking
process.4. Conclusions
A numerical model for simulating shipmaneuvering performance in
level ice has been developed and veriﬁed by comparing the numerical
results to measured data and empirical solutions of the R-Class ice-
breaker, CCG Sir John Franklin. The numerical model has been devel-
oped considering similar strategies and assumptions made by
previous researchers. It has been extended by considering the effect of
buoyancy and clearing terms on sway and yaw motions. Moreover,
the effect of the ﬂexural deﬂection of ice plate is considered in the
model. Thewater support of the ice plate is treated as an elastic founda-
tion. The main conclusions can be drawn as follows:
1. A contact detecting method (the polygon-point algorithm) was pro-
posed. As shown in Figs. 5 and 6, good convergencewas obtained in a
wide range of discrete lengths and time steps. By using nondimen-
sional length and time step, the effects of scaling and velocity were
avoided. This indicates that the identical values of nondimensional
discrete length and time step could apply to different cases.
2. The effect of the elastic foundation for the ice plate on ship–ice inter-
action process was considered. The elastic foundation tends to in-
crease the mean ice resistance and extends the duration of each
single contact-bending-breaking process.
3. A method was developed to consider the effect of buoyancy and
clearing forces on sway and yawmotions. It is based on an empirical
calculation of resistance and takes the hull geometry and the ship
speed into account. It is validated by using the model PMM tests
and the full-scale sea trial results. Therefore, the proposed numerical
method is suitable for both model-scale and full-scale simulations.elocities (full scale).
Fig. 27. Time history of ice loads and mean values (full scale).
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